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Abstract: In this paper, we prove a vanishing theorem of Dual Bass numbers 
(Theorem 5.10). Precisely, let R be a U ring, M an Artinian i?-module, p G Cos# M, 
if 7T;(p,M) > 0, then 

Tf i Cogradeo Hom fl (i^, M) < % < fd^Hom^, M), 



< 



where 7Tj(p,M) = dim fc ( p )Tor i v (k(p), H.om R (R p , M)) is the i-th. Dual Bass number 
of M with respect to p, and the flat dimension fdij p Hom^(i? p , M) is possibly infi- 
nite. Moveover, if Cograde^ HoniR (i? p ,M) = s, fd# p HoniR(.R p , M) — t < oo, then 
7r s (p, M) > and 7r t (p, M) > 0. 
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1. Introduction 

in 

Let R be a Noetherian ring, M a i?-module, p G Spec R. H. Bass defined 
so called Bass numbers /ij(p,M) by using the minimal injective resolution of M 
for all integers i > 0, and proved that /Xj(p,M) = dim fc ( p )Ext^ (/c(p),M p ), (see 
[1]). E. Enochs and J. Z. Xu defined the Dual Bass numbers 7Tj(p,M) by using 
the minimal flat resolution of M for all i > in [7], and showed that 7Tj(p, M) = 
dinijfcfpjTor^ p (/c(p), Hom R (i? p , M)) for any Cotorsion i?-module M. Comparing the 
formulas of 7Tj(p,M) and /ij(p,M), we see that Ext is replaced by Tor and the 
localization M p is replaced by co-localization Hom#(i? p ,M) respectively. 

It is well known that if M is a finitely generated -R-module, p G Supp^M, then 
/ij(p, M) > if and only if depth^ M p < i < idij p M p , where the injective dimension 
id^ p M p is possibly infinite. However, we know little about the vanishing properties 
of the Dual Bass numbers of modules over Noetherian rings so far. In this paper, we 
show that the index i of the no n- vanishing Dual Bass numbers /ij(p, M) is bounded 
by co-grade and flat dimension of the co-localization modules respectively, (see The- 
orem 5.10). Besides, we also study the relations among co-grade, co-dimension and 
flat dimension of co-localization modules. 

2. Preliminaries 

L. Melkersson and P. Schenzel introduced the co-localization of modules in [TTj . 
Let R be a ring, S C R a multiplicative set, and M an i?-module. The .R^-module 
Hom.ji(Rs, M) is called the co-localization of M with respect to S. The co- 
support of M is defined by 

Cos R M = { p G Spec R | Rom R (R p , M) ^ }. 
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Definition 2.1. Let R be a ring, a subset X of Spec R is called a saturated subset 
of Spec R, if X satisfies one of the following conditions: (i). X = 0/ (ii). 1^0, 
and V(p) = {q6 Spec R \ p C q} C X for any pel. 

Let p, q G Spec R, and p C t|. By Horn- Tensor adjoint isomorphic theorem we 
have isomorphisms 

Hom flq (i? p , Rom R (R q , M)) S Hom fi (fi p ® Rq R„ M) =* Hom fl (i2p, M). 

So if p G Cosr M, then q G Cos# M. This implies that the co-support of any 
.R-module is a saturated subset of Spec R. 

Definition 2.2. Let R be a ring, a representable R-module M is said to be a 
strongly representable R-module, if (0 :m I) = {x G M \ I C Ann R (x)} is 
representable for any finitely generated ideal I of R. 

If M is an Artinian .R-module, then M is a strongly representable -R-module with 
respect to the discrete topology However, we will show that a strongly representable 
module may not be an Artinian module. In order to get this, we need the following 
proposition. 

Proposition 2.3. Let R be a ring, x±, x 2 , • ■ ■ , x n G R, and M a linearly compact R- 
raodule. Then (0 \u (xi, x 2 , • • ■ , x n )), (xi, x 2 , • • ■ , x n )M , and M/(x±, x 2 , • ■ ■ , x n )M 
are linearly compact R-modules. 

Proof. Since ip : M — ^ M is a continuous -R-module homomorphism, and {0} is 
a closed submodule of M. We have ker(^) = (0 \m a?i) and Im(^) = x\M are both 
linearly compact -R-module by Lemma 2.2 in [3j. Moreover, since 

(0 : M {xi, x 2 , • ■ ■ , x s )) = ker((0 : M {xi, x 2 , • ■ • , ar«-i)) ^ (0 : M (xi, x 2 , ■ ■ ■ , x s -i))) 
for s = 1, 2, • • ■ , n, the proposition is followed by induction on n. □ 

Proposition 2.4. Let R be a ring, S C _R a multiplicative set, M a (resp. strongly) 
representable linearly compact R-module. Then Hom R (Rs, M) is a (resp. strongly) 
representable Rs-module. Moreover, the functor of co-localization Hom R (Rs, — ) is 
an exact functor from the category of (resp. strongly) representable linearly compact 
R-modules to the category of (resp. strongly) representable R-modules. 

Proof. Let M be a representable linearly compact -R-module. By Corollary 3.3 in 
[3] , there exists a minimal secondary representation of M such that all the secondary 
components are linearly compact submodules. Let M = Mi + M 2 + • • • + M n be a 
minimal secondary representation of M such that all Mj are linearly compact. After 
renumbering, we can assume that there exists an integer m, 1 < m < n, such that 
pi = VAnn^Mj for i — 1, 2, • • ■ ,n and SClpi — for i — 1, 2, • ■ • ,m, and Snpi 7^ 0, 
for i = m + 1, m + 2, • • • ,n. Then, by Theorem 4.2 in [3], 

Hom fl ( J R s , M) = Rom R (R s , Mj) + ftom R (R s , M 2 ) + ■ ■ • + Hom iJ ( J R 5 , M m ) 

is a minimal secondary representation of Hom R (Rs, M) as -R-module, and Hom R (Rs, Mi), 
i — 1, 2, • • • , m are p-secondary .R-modules. We will prove that Hom R (Rs, Mi) is a 

S~ Y pi secondary S ,_1 .R-module for i — 1, 2, • • • ,m. 
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Let r/s G Rs- If r G pi, then r n Hom R (Rs, Mi) = for some n. Therefore, 
(r/s) n Eom R (R s , M t ) = 0. If r G i? - p, then Hom i? ( J R s , M<) -^ Eom R (R s , Mi) 

is surjective. Thus, Eovn R {R s , Mj) — )• Hom K (i?5, Mi) is also surjective. Hence, 
Honi/j(i?s, Mj) is a 5 ,_1 pj secondary S 1-1 -R-module. 

Let M be a strongly representable linearly compact -R-module. It remains to prove 
that Honifj (i?s, M) is a strongly representable .R,s-module, i.e., (0 :-Rom R (R s ,M) -0 * s 
a representable Rs- module for any finitely generated ideal I of Rs- 

Let I = (xi/si, x 2 /s 2 , ■ ■ ■ , x n /s n ), where Xj G -R, s< G S for i = 1, 2, ■ ■ • , n. Then 

(0 :Hom H (_R s ,M) -0 = (0 :Hom fl (_R s ,M) (#1/1, #2/1, * " > #n/l)) 

= H.om R (R s ,(0 : M (xi,x 2 ,-- ■ ,x n ))). 

Since (0 :m (#i, X2, • ■ ■ , a? n )) is a representable linearly compact i?-module, we have 

Rom R (R s , (0 : M (^1, Sa, • • ■ , ^n))) 

is a representable i?5-module. 

Since co-localization preserves the exactness of short exact sequence of linearly 
compact modules by Corollary 2.5 in [3], co-localization functor Hom R (Rs, — ) is 
an exact functor from category of (resp. strongly) representable linearly compact 
-R-modules to category of (resp. strongly) representable i?-modules. □ 

Remark 2.5. Let R be a ring, p G Spec R, M an Artinian R-module, then 
Hom R (R p ,M) may not be an Artinian R p -module. However, Hom R (Rp,M) must 
be a strongly representable R v -module. Therefore, in general, the category of Ar- 
tinian modules is a proper subcategory of that of strongly representable modules. 

The concept of Krull dimension (Kdim) for Artinian modules was introduced 
by R. N. Roberts in |12] . Later, Kirby [9] changed the terminology of Roberts 
and referred to Noetherian dimension (Ndim) to avoid any confusion with well- 
known Krull dimension defined for finitely generated modules. Let R be a ring, M 
a .R-module. The Noetherian dimension of M, denoted by Ndim^ M, is defined 
inductively as follows: when M = 0, put Ndim^ M = — 1. Then by induction, for 
an integer d > 0, we put Ndim^j M = d, if Ndirn^ M — d is false and for every 
ascending chain M C M\ C • • • of submodules of M, there exists a positive integer 
n such that Ndim^(M n+1 /M n ) < d for all n > n . Therefore Ndim^ M = if and 
only if M is a non-zero Noetherian module. 

On the other hand, for any representable linearly compact module M, Attn M, 
Cosr M, Amiij M have same minimal elements by Corollary 4.3 in [3]. Thus 

sup{ dim R/p \ p G Cos R M} = sup{ dim R/p \ p G Att R M} = dim R/(Ann R M). 

Hence, we introduce the following definition. 

Definition 2.6. Let R be a ring, and M an R-module. The Co-dimension of M 
is defined by the integer (possibly infinite) 

Co-dim R M = sup{ dim R/p \ p G Cosr M }. 

We except that Ndim# M = Co-diniR M which is an Artinian modules analogue of 
the relation between Krull dimension and the maximal depth of associated primes of 
finitely generated modules over Noetherian rings. Unfortunately, this equality does 
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not holds in general. There exists an Artinian module M over a Noetherian local 
ring (R, m) such that NdiiriR M < Co-dim^ M, See example 4.1 in |4]. However, 
we have the following result. 

Lemma 2.7 ((Hi], Proposition 2.1). Let R be a Noetherian ring, M an Artinian 
R-module such that Ann R (0 \m p) = P for any p G V(Ann R M). Then 

Ndim R M = Co-dim R M. 

In addition, let R be a ring (not necessarily Noetherian), SCi?a multiplicative 
set, M a representable linearly compact R- module. Then we have 

Co-dim 5 -i R Hom i? (S- 1 J R, M) = sup{ dimS^R/S^p] p G Cos/j M, p n S = } 

= sup{ dim S^R/S^p \ p G Att fl M, p H 5 = }. 

Let p G Cos# M, we denote 

ht M p = sup{ n | p C p! C ■ • • C p n , pi g Cos fi M for i = 0, 1, • • • , n }. 

It is obvious that htjif p = Co-dim^ Hom/j(i?p, M). 

3. Filter co-regular sequence and Co-grade 

Definition 3.1. Let R be a ring, X C Spec R and M an R-module. A sequence 
Xi,x 2 , ■ ■ ■ ,x n G R (n > 0) is called an M-filter co-regular sequence with re- 
spect to X, if 

Cos R ((0 : M (xi, • ■ ■ , x i _i))/a; i (0 : M (xi, • • • , Xi-i))) C X /or j = 1, 2, • • ■ , n. 

For any i?-module M, any M-quasi co-regular sequence is a M-filter co-regular 
sequence with respect to 0. Moreover, if M is a linearly compact i?-module, then 
the converse is also true by Corollary 4.3 in [2]. 

Proposition 3.2. Let R be a Noetherian ring, X a saturated set of Spec R and 
M a representable linearly compact R-module. Then x G R is a M-filter co-regular 
element with respect to X if and only if x G R — [J p. 

peAtt R M-X 

Proof. (Necessity). Let x G R be a M-filter co- regular element with respect to X. 
Then Attjj (M/xM) C Cos/j (M/xM) C X, since M/xM is a representable linearly 
compact i?-module. Suppose that there exists a prime ideal p G Att/j M — X, such 
that x G p, by Theorem 4.5 in [3], we have p G Att fl M n V((x)) = Att B (M/xM). 

This contradicts to Att fl (M/xM) C A. Hence, x E R- \J p. 

peAtt fl iw-x 

(Sufficiency). Let M = Mi + M2 + - • - + M n be a minimal secondary representation 
of M, where Mj is a pj secondary .R-module for i = 1,2, • • • ,n, and Att# M = 

{ pi,p 2 ,--- ,p„}. Let x G R- |J p. 

peAtt fl M-X 

(i). If x G i? - |J p, then M = xM. Thus Cos^ (M/xM) = C X. Hence, 
peAtt fl M 
x G i? is a M-filter co- regular element with respect to X. 

(ii). If x G pi G Att,R Mnl for i = 1,2, •• • , m, where 1 < m < n, and x G R — pi 
for z = m + 1, m + 2, • • • , n, then 

xM = x(Mx + M 2 H h M n ) = xM 1 + xM 2 H h xM m + M m+1 \- M n 
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and 

M/xM = (M 1 + M 2 + • • • + M n )/(xM 1 + xM 2 + ■■■ + xM m + M m+l ■ ■ ■ + M n ) 

=* (M x +M 2 +- ■ ■+M m )/((M l +M 2 +- ■ ■+M m )n(xM 1 +xM 2 +- ■ -+xM m +M m+1 ■ ■ -+M n )). 

Thus AttR (M/xM) C Att B (Mi + M 2 + • ■ ■ + M m ) = { p u p 2 , - ■ ■ , p m }. Therefore, 
Att^ (M/xM) and Cos^ (M/xM) have same minimal elements, since M/xM is a 
representable linearly compact -R-module. So Cos# (M/xM) C |J V(pj) CI. D 

l<i<m 

Corollary 3.3. Let R be a Noetherian ring, and X a saturated subset of Spec R. 
Let I be an ideal of R and M a representable linearly compact R-module. Then 
Cosr (M/IM) C X if and only if there is a M -filter co-regular element with respect 
to X contained in I. 

Proof. Since M/IM is a representable linearly compact -R-module, then by Theo- 
rem 4.5 in [3J, we have 

Cos/j (M/IM) CX^^ Att B (M/IM) C X 

^^ AttR M n V(7) C X 

«=* ^ U P 

pGAtt fl M-X 

•<=>- J contains a M-filter co-regular element with respect to X. 

□ 

Proposition 3.4. Let R be a ring, X C Spec i? (Wi necessary a saturated subset of 
Spec R) and M a linearly compact R-module. Then X\,x 2 , ■ ■ ■ ,x n G R is a M-filter 
co-regular sequence with respect to X if and only if Xi/l,x 2 /l, ■ ■ ■ ,x n /l G R v is a 
Homji(Rp, M) -quasi co-regular sequence for any p G Cosr M — X . 

Proof. For any 1 < i < n, consider the exact sequence of linearly compact R- 
modules 

(0 : M Oi, ■ ■ • , Xi_i)) -^ (0 : M (x 1 , • ■ ■ , Xi_i)) — ► Coker(xj) — v 0. 

By Corollary 2.5 in [3], we have exact sequences of _R p -modules 

Xi/1 

Rom R (R p , (0 : M (x x , ■■■ , £j-i))) — > Rom R (R p , (0 : M (a?i, • • • , £j-i))) — > 

Hom R (_R p , Coker(xj)) — ^ 0, 

for any p G Spec R — X. 

Since Hom iJ ( J R p , (0 : M (xi, • • • ,aJi-i))) = (0 ■Rom R (R v ,M) (xi/l, • • • ,Xi_i/l)), we 
have the following equivalent statements: 

The sequence xi, x 2 , ■ ■ • , x n is an M-filter co-regular sequence with respect to X. 
-<=>- Cosr (Coker(xj)) C X for z = 1, 2, • • • , n. 

x/l 
■^^ (0 ■■Hom R {R p ,M) (Xl/l, ••• ,Xj_i/l)) - 2 -» (0 : Ho m Ji (fip,M) (^l/l, • • • , Xj-l/l)) is 

surjective for any p G Cos^ M — X, i — 1, 2, • • • , n. 

-<=>- Xi/1, x 2 /l, ■ ■ • , x n /l G i?p is a Hom R (i? p , M)-quasi co-regular sequence for any 
p G Cos fl M - X. ' □ 
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Definition 3.5. Let R be a ring, X C Spec R (not necessary a saturated subset of 
Spec R). An R-module sequence 

M A Mi A • • • ^4 M„_! A M n 

is called a co-exact sequence of R-modules with respect to X, if fi+i°fi = 0, 

and Cos R (Ker (f i+1 )/Im (/*)) C X for i = 1, 2, • • • ,n - 1. 

Lemma 3.6. Let R be a ring, X C 5pec i? (noi necessary a saturated subset of 
Spec R) and a complex of R-modules C: 

• • • ^4 Mi_! Mm^A m, +1 ^4 • • • 

where Mi are linearly compact R-module, f\ are continuous homomorphisms for all 
integers i G Z. T/ien C. is a co-exact sequence of R-modules with respect to X if and 
only if Hom R (R p , C.) is an exact sequence of R p -modules for any p G Spec R — X . 

Proof. Since the kernel and cokernel of a continuous homomorphism between lin- 
early compact .R-modules are linearly compact -R-modules, and the co-localization 
preserves the exactness of linearly compact -R-modules, we get 

H.i(H.om R (Rp,C.)) = Ker(Hom R (R p ,di +1 ))/Im(}iom R (R p ,di)) 

= Rom R (R p , Ker(d i+1 ))/Rom R (R p , Im(dj)) 

= Hom^(_R p , Hj(C.)), for all i G Z and for any p e Spec R. 

Thus, C. is a co-exact sequence of -R-modules with respect to X if and only if 
HoniR(i? p , Hj(C.)) = 0, for alii £ Z, p G Spec R — X. Equivalently, H.om R (R p ,C.) 
is an exact sequence of -Rp-modules for all p G Spec R — X. □ 

The following theorem is the main result of this section. 

Theorem 3.7. Let R be a Noetherian ring, X a saturated subset of Spec R. Let I 
be an ideal of R and M a strongly representable linearly compact R-module. Then 
for a given integer n > the following conditions are equivalent: 

(i). Cos R (Tory(N, M)) C X for all < i < n and for any finitely generated 
R-module N with Supp R N C V(I); 

(ii). Cos R (Torf(R/I, M))CX for allO <i< n; 

(in). There exists a M -filter co-regular sequence with respect to X of length n 
contained in I. 

Proof. (i)=£-(ii). Obviously. 

(ii)^=^(iii). We use induction on n. For the case n = 1 we have R/I <S> R M = 
M/IM and Cos^ (M/IM) C X. Then the assertion is followed by Corollary 3.3. 
Suppose that n > 1, and the statement holds up to n — 1. Let x\ G / be a M-filter 
co-regular element with respect to X, and M 1 = (0 \m %i)- Then M 1 is a strongly 
representable linearly compact -R-module. Moreover, we get the following co-exact 
sequence of -R-modules with respect to X, 

— > M 1 — ► M ^ M — ► 0. 

For p G Spec R — X, by Lemma 3.6 we have an exact sequence of -Rp-modules 

— ► Ho mi? (i?p, M x ) — y Rom R (R p , M) ^4 Rom R (R p , M) — >■ 0. 



From this we can get a long exact sequence of -Rp-modules 

► Tor? p (R p /IR p , Rom R {R p , M)) — > R P /IR P ® Rv Eom R (R p , M x ) — > 

V J ^p ®/? p Hom fl (^, M) ^4 i? p /Ji? p ® fip Hom fl ( J R p , M) -- > 0. 

Since Hom fl (^, Torf (R/I, M)) = Toxf p (R p /IR p ,Rom R (R p ,M)) by the proof of 
Theorem 3.6 in [2], we get Cos R (Torf (R/I, Mi)) C X for all < i < n - 1. Then 
the statement is followed by the induction hypothesis. 

(iii)=>(i). Let Xi,x 2 , ■ ■ ■ ,x n G / be a M- filter co- regular sequence with respect 
to X of length n. Since V(Ann#(A)) = Supp^iV C V(J), there exists m > 0, such 
that s™ G Ann^(A^). We use induction on n. 

For the case n — 1, we take co-localization to the homomorphism of .R- modules 
M — ^> M and get an exact sequence of -Rp-modules 

Hom i? ( J R p , M) ^4 Hom iJ ( J R p , M) — ► 

for any p G Spec R — X. By right exactness of tensor product, we have an exact 
sequence of -Rp-modules 

iVp ® Rv Hom i? ( J Rp, M) ^4 A^p ® Rp Hom /? ( J R p , M) — > 0. 

Since x™ G ArniR(A), we have (x\/l) m G AnnR p (iVp). Then 

Hom /? ( J R p , AT ® fi M) = N p ® Rp Eom R (R p , M) = 

for all p G Spec R-X. Hence Cos/? (JV ® R M) C A. 

Suppose that n > 1, and the statement holds up to n — 1. Set M\ = (0 :m x\). 
Consider the co-exact sequence of .R-modules with respect to X 

— yM x — > M ^ M — > 0. 

Then for any p G Spec -R — X, by Lemma 3.6, we have a short exact sequence of 
.Rp-modules 

— ► Hom R ( J R p , Mi) — > Rom R (R p , M) ^4 Hom fl (i2p, M) — ► 0. 
Therefore, for any integer i > 0, we have an exact sequence of -Rp-modules 

Torf^Ap, Hom R (i?p, M)) ^4 Torg^p, Hom^p, M)) 

^Torf^Hom^MO). 

By induction hypothesis we have Tor i p (N p ,H.om R (R p ,Mi)) = for any p G 
Spec R — X and for any < i < n — 1. Moreover, (xi/l) m G AnnR p (A p ), since 
x? G Ann R (A). Then TorJ^Ap, Hom R (^, M)) = for any p G Spec i? - X and 
any < i < n - 1. Hence, Cos/? (Torf (A, M)) C X for any < i < n. D 

Definition 3.8. -Let R be a Noetherian ring, X a saturated subset of Spec R, I 
an ideal of R and M a strongly representable linearly compact R-module. Then 
we define M -filter cograde with respect to X contained in I by the integer 
(possibly infinite) 

Cograde x (I,M) = inf { i | Cos R (Torf (R/I, M)) % X }. 



By Theorem 3.7, it is easy to obtain the following facts: 

(1). Cograde x (J, M) is possibly equal to oo. For example, if X = Cos# (M) n 
V(J). 

(2). Cograde x ( J, M) is the common length of each maximal M-filter co-regular 
sequence with respect to X contained in I. 

(3). Let i be another ideal of R, such that \fl = \fl , then 

Cograde x (J,M) = Cograde x (/',M). 

(4). Let R be a Noetherian ring, M a strongly representable linearly compact R- 
module. If X = 0, then M-filter co-regular sequence with respect to is equivalent 
to M-quasi co- regular sequence. Since Torf (R/I, M) is a linearly compact R- module 
for any i > 0, Cos R (Torf (R/ I, M)) = if and only if Torf (R/I, M) = 0. Therefore, 
Cograde (J,M) = inf { i | Cos/j (Torf (R/I,M)) ^ 0} equals to the length of any 
maximal M-co-regular sequence in I. Hence, Cograde^^I , M) = Cograde R (I,M), 
where Cograde R (7, M) is defined for Artinian .R-module M in [13]. By Theorem 
3.7, we can see that this definition can also be applied for strongly representable 
linearly compact .R-modules. 

(5) . Let (R, m) be a Noetherian local ring, I C R an ideal and M an Artinian 
.R-module. Then for any i > 0, Tor^ (R/I, M) is an Artinian .R-module. Since 
Cos^ M C {m} if and only if M is a finite length .R-module, by Theorem 3.7, we 
have Cograde{ m }(J, M) = inf { i \ Torf (R/I, M) is not a finite length R — module }. 

(6) . Any M-filter co- regular sequence with respect to X contained in I of finite 
length can be extended to a maximal one. 

4. Filter co-regular sequence and Quasi co-regular sequence 



Now, we will generalize some results of [13] and [14] , and extend the theory of quasi 
co-regular sequence to some class of modules which are not necessarily Artinian. 

Proposition 4.1. let R be a Noetherian ring , M a strongly representable linearly 
compact R-module, p G Spec R, and I an ideal of R p . Then for a given integer 
n > the following conditions are equivalent: 

(1). Tor { p (N, Homji(R v , M)) = for all < i < n and for any finitely generated 
Rp-module N with Supp R N C V(I). 

(2). Torf p (R p /I, Hom R (R v , M)) = for any < i < n. 

(3). There exists a Hom R (R p , M)-quasi co-regular sequence of length n contained 
in I. 

Proof. We will assume that p e Cosr M, since if p ^ Cosr M, this Proposition is 
obvious. 

(1)=K2). Obviously. 

(2)=>(3). We use induction on n. For the case n = 1, let J C R be an ideal such 
that I = JR p . Since 

(Rp/I) ®r p Hom^, M) = Rom R (R v , (R/J) ® R M) = 0, 

we have p £ Cos R (M/JM). Let X = { q | q e Spec R, q % p). Then X is 
a saturated subset of Spec R. Obviously, Cos# (M/JM) C X and there exists a 
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M-filter co-regular element x G J with respect to X by Corollary 3.3. Then by 

Proposition 3.4, we know that x/1 G / is a Hom^(i? p , M)-quasi co-regular element. 

For the case n > 1, the proof of (3)=>(1) is similar to that of Theorem 3.7. We 

will not go into details. □ 

With the same notation of Proposition 4.1, we denote 

Cograde Kp (/,Hom i? (i? p ,M)) = inf{ i | Toif p (R p /I, Hom R (R p , M)) ^ }. 

In particular, if I = pR p , we simply write Cograde R Hom/j(i? p , M). From Proposi- 
tion 4.1 we see that Cograde^ (/, Hohir(.R p , M)) is equal to the length of any maxi- 
mal Honifl(i? p , M)-quasi co- regular sequence contained in J, and any Hom^(i? p , M )- 
quasi co-regular sequence contained in / can be extended to a maximal one. 

Proposition 4.2. Let R be a Noetherian ring, X a saturated subset of Spec R, 
and I C R a proper ideal of R, and M a strongly representable linearly compact 
R-module. Then 

Cograde x (I,M) = mf {Cograde Rp Hom R (R p ,M)\ p G Cos R (M) n V(I) - X} 

= inf {Cograde Rp (IR p , Hom R (R p , M))\ p G Cos R (M) n V(I)-X}. 

Proof. If Cograde x (J, M) = oo, there is nothing to prove. So we assume that 
Cograde x (J, M) < oo. If Cos^ (M) n V(J) C X, then 

Co Si? (Torf (R/I, M)) CX 

for any % > 0. This induces a contradiction. Hence Cos/j (M) fl V(J) % X . 
(i). Let p G Cosij (M) n V(J) - X. Then we have 

Cograde x (7, M) < Cograde x (p, M) < Cograde^ B.om R (R p ,M). 

Let Xi,X2, • • • ,x n be a maximal M-filter co-regular sequence with respect to X 
contained in /. So there exists no (0 \m (x 1 ,x 2 ,--- ,x„))-filter co-regular element 
contained in /. By Proposition 3.2, there exists p G Att# (0 \m (^1,^2, • • • ,x n ))—X, 
such that I C p. Then p G Cos/? (M) n V(7) - X, and 

pi? p G Attj?,, Eom R (R p , (0 : M (xi, x 2 , • • • , x n ))). 

Since Rom R (R p , (0 : M (a^i,^,--- ,£«))) = (0 : HomiJ (.Rp.M) (xi/l,x 2 /l,- • • ,x n /l)), 
xi/l,X2/l, • • • ,x n /l G i? p is a maximal HoniR(i? p ,M) co-regular sequence. Thus 

Cograde x (J, M) = Min{ Cograde i?p Hom i? ( J R p , M) \ p G Co Si? (M) n V(J) - X}. 

(ii).Assume that Cograde x (7, M) = n. Then Tor? p (R p /IR p , Eom R (R p , M)) = 
for any < % < n and for any p G Cos# (M) fl V(J) — X. Moreover, there exists 
q G Cos/? (M) n V(7) - X, such that Tor^(R q /IR q , Eom R (R p , M)) ^ 0. Hence 

Cograde x (J,M) = inf {Cogmde Rp (I R p ,Rom R (R p , M))\p G Co Si? (M)nV(J) -X}. 

n 

Let R be Noetherian ring, / a ideal of i?, N a finitely generated i?-module. If 
/A 7^ A, then the depth i? (J, A) < 00. The dual question for Artinian module M 
is to ask when Cograde x (J, M) < 00. We will give some sufficient conditions for 
finiteness of Cograde x (J, M). 
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Lemma 4.3. Let R be a ring, M an Artinian R-module. Then the following con- 
ditions are equivalent: 

(i). Ann R (0 : M p) = P for any p G V{Ann R {M)). 

(ii). Cos R (0 : M I) = Cos R M n V(I) for any ideal I of R. 

Proof, (i) =^(ii). Let / C R be an ideal. Since / C Ann/? (0 \m I), and 

V(Ann fi (0 : M I)) = Cos fl (0 : M I) C Cos* (M), 

we have Cos fl (0 : M I) C Cos fl M n V(J). 

For any ideal I of i?, if Cos# M fl V(J) = 0, there is nothing to prove. Suppose 
that Cos fl M n V(J) ^ 0. Let p G Cos,? M n V(J). Since 

Cos R (0 : M p) = V(Ann R (0 : M p)), and Ann R (0 : M p) = P for any p G V(Ann fi (M)) 

we have p G Cosr (0 \m p)- Notice that 

Hom fi (_R p , (0 : M /)) = (0 :-R m R (R p ,M) IRp) 

12 (0 :Ho mi j(Rp,M) pRp) 

= Kom R (R p: (0: M p))^0, 

hence p G Cos,r (0 :^ /)• 

(ii)=>(i). Let p G V(Ann R (M)). Then 

V(Ann fi (0 : M p)) = Cos fl (0 : M p) = Cos* (M) n V(p) = V(p). 

Moreover, since p C Ann«(0 \m p), we have Ann^(0 \m p) = P- n 

Proposition 4.4. Let R be a Noetherian ring, X a saturated subset of Spec R and 
/CiJo proper ideal of R. Let M be an Artinian R-module such that 

Ann R {0 : M p) = p for any p G V(Ann R (M)). 
Then Cograde x (I, M) < oo if and only if Cos R M n V(I) £ X. 

Proof. (Necessity). If Co Si? M n V(J) C X, then Cos fl (Torf (i?//, M)) C X for 
any i > 0, this contradicts to Cograde x (J, M) < oo. Hence Cosr M fl V(J) ^ X. 
(Sufficiency). For p G Cos# M fl V(J) — X. Then by Lemma 4.3 we have 

(0 :Hom i j(K p ,M) /-Rp) = B.om R (R p , (0 : M /)) 7^ 0. 

Let Xi/si,x 2 /s 2 , ■ ■ ■ ,x r /s r G IR P be a Hom R (i? p ,M) co-regular sequence. Then 

(0 •■■aom R (R p ,M) (Xl/Sl)) 2 (0 : Hom fl (B f ,M) (xi/si, X 2 / S 2 )) 

2 (0 : Hom fl (i? p ,M) (Xl/S!,x 2 /S 2 , ••• , X r /s r )). 

Otherwise, there must exist some integer i, 1 < % < r, such that 

(0 :Uom R (R p ,M) (xi/si,X 2 /s 2 , • • • ,Xi/Si)) = 0. 

This contradicts to ^ (0 :u m R {R p ,M) IR P ^ (° : Hom R (# P ,M) {xi/s!,x 2 /s 2 , ■ ■ ■ ,Xi/si)). 
It follows that (xi/si) C (xi/si,x 2 /s 2 ) C ••• C (xi/si,x 2 /s 2 , • • • ,x r /s r ). Since _R P 
is a Noetherian ring, therefore every Hom^(i? p , M) co-regular sequence in Ji? p must 
be of finite length. Hence there exists an integer n, such that 

Tor^(R p /IR v , Eom R (R v , M)) ^ 0. 

Thus Cos fl (Tot*(R/I, M)) £ X. Hence Cograde x (J, M) < oo. □ 
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By the proof of Proposition 4.4, we note that if R is a Noetherian ring, and M is 
an Artinian R- module such that Ann^(0 \m p) = P for any p G V(Ann#(M)), then 
Cograde R H.om R (R p , M) < oo for any p G Cos# M. 

N. T. Cuong, N. T. Dung and L. T. Nhan given an example to show that the 
equivalent conditions of Lemma 4.3 are not true for general Artinian modules in [5]. 
However, they also have given some sufficient conditions for that. 

([5], Proposition 2.1) Let (R, m) be a Noetherian local ring, M an Artinian R- 
module. Then Ann^(0 \m p) = P for any p G V(Ann^(M)), if one of the following 
cases happens: 

(i). R is complete with respect to m-adic topology. 

(ii). M contain a submodule which is isomorphic to the injective hull of R/m. 



5. Vanishing Theorem of Dual Bass numbers 

Let R be a Noetherian ring, M an i?-module. A minimal flat resolution of M is 
an exact sequence of .R-modules 

di +\ T? d i, rp d '-\ di F dp , , „ 

• • • — y ti — y £i_i — y ■ ■ ■ — y ^ — y ivi — y u, 

such that for each i > 0, F{ is a flat cover of Im(dj). The minimal flat resolutions of 
M exists and uniquely determined up to isomorphisms. Moreover, for any integer n, 
fd^M < n if and only if Fk = for any k > n. In this case, Fi is flat and cotorsion 
-R-module for any % > 0, but F Q may not be cotorsion in general. It is proved in 
[S] that Fi is uniquely represented as a product Fj = ] ( T* where T p J is the 

pGSpecR 

completion of a free -Rp-module with respect to the p p -adic topology. In [7], for any 
i > 0, 7i"i(p, M) is defined to be the cardinality of the base of a free -Rp-module whose 
completion is TL\ On the other hand, 7To(p, M) is defined similarly by using the pure 
injective envelope PE(F ) instead of F itself. We call the 7Tj(p,M) the z'-th Dual 
Bass number of M with respect to p. E. Enochs and J. Z. Xu show that for any 
.R-module M over Noetherian ring R, there exists Cotorsion i?-module E such that 
7Tj(p, M) = 7Tj(p, E) for any i > 0, see Theorem 2.2 in |7]. One of the main results 
of [7] is the following: Let R be a Noetherian ring, M a Cotorsion i?-module. Then 
n(p,M) = dim fc(p) Torf p (/c(p),Hom fi ( J R p ,M)), for any % > 0. 

By the proof of Theorem 2.2 in J7], we could get following Lemma. 

Lemma 5.1. Let R be a Noetherian ring, p, q G Spec R with q C p ; and M a 
Cotorsion R-module. Let the following exact sequence 

...^ F .Ji+ F ._ 1 ^...Jl+ Fo J^ M ^0 

be a minimal flat resolution of M . Then 

■■■ — y Hom R (R p , F i+1 ) — y Hom R (R p , F t ) — y Hom R (R p , F^x) — y 

► Hom R {R P) Fi) — > Hom R {R p , F ) — > Hom R (R p , M) — »■ 

zs a minimal flat resolution of Hom R (R p , M) as an R p -module, and if Fi = ]~j Tq, 

i/ien Hom R (R p ,Fi) = Y\ Tq is a flat Cotorsion R p -module. In other words, 

QCp 

QeSpecR 

7Ti(q, M) = 7Ti(q.Rp, Hom R (R p , M)) for any i > 0. 
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Proposition 5.2. Let R be a Noetherian ring, M an Artinian R-module. Then for 
any p G Spec R, Cograde R Hom R (R p ,M) = inf { i | 7Tj(p,M) > 0}. 

Proof. It follows from Proposition 4.1. □ 

Lemma 5.3. Let R be a Noetherian ring, F a flat Cotorsion R-module. Then 

F^O^^ Cos R F ^ 0. 

Proof. Suppose that F ^ 0. Assume that F = [~] T p , where T p is the completion 

peSpecR 

of a free _R p -module with respect to the pi? p -adic topology. Then there exists p G 
Spec R such that T p ^ 0. Since T p is an i? p -module, we get Hom^(_R p , T p ) = T p ^ 0. 
Hence Hom^(i? p , F) ^ 0, and thus CosrF ^ 0. Conversely, it is obvious. □ 

Proposition 5.4. Let R be a Noetherian ring, M a Cotorsion R-module. Then: 
(1). fd s -i R HomR(S~ 1 R, M) < fd R M for any multiplicative set S C R. 
(2). fd R M = sup{ fd Rp Hom R {R p ,M) \ p e Spec R } 
= sup{ fd^HomnlRm, M) | m G Max R }. 

Proof. Let the following exact sequence of i?-modules 

►*;—►*;_!—>• > F — > M — >• 

be a minimal flat resolution of M. Then by Theorem 2.7 in [7], we have a minimal 
flat resolution of S' _1 i?-module B.ora R (S~ 1 R, M) 

► Hom R (S- 1 J R, F i+1 ) — )> Hom^^i?, F<) — > Horn^- 1 /?, F 4 _i) — > 

► Hom i? (^ 1 i?, Fi) — ■> Hom i? (^ 1 i?, F ) — > Ham^S -1 ^ M) — -> 0. 

Then (1) follows. By Lemma 5.3, (2) also holds. □ 

Proposition 5.4 is somehow dual to Corollary 2.3 in pp. 

Definition 5.5. A Noetherian ring R is called a U ring, if for any Artinian R- 
module M, Annn(0 \m p) = P f or an V P £ V(AnnnM). 

Notice that any complete Noetherian local rings are U rings by Proposition 2.1 
in [5]. Let M be an Artinian R- module over a U ring. Then for any p G Cos^j M, 

Cograde^ Hom R (R p ,M) < oo, 

because (0 :Hom R (R p ,M)) P R v) - Hom R (i? p , (0 : M p)) ^ 0, and any co-regular se- 
quence in Noetherian ring must be of finite length. 

Theorem 5.6. Let R be a U ring, p, q G Spec R such that q C p, ht(p/q) = 1, and 
M an Artinian R-module. Then 71* (p, M) ^ =^ 7r m (p, M) ^ 0. 

Proof. For x G p — q, from the short exact sequence of -R p -modules 

— ► R p /qR p ^\ R p /qR p — ► i? p /(qi? p ,a;/l) — )• 0, 
we get the following long exact sequences of -R p -modules 

► Torfl 1 (R p /(qR p , x/1), Hom R (R p , M)) -> Torf p (i? p /qi? p , Hom i? ( J R p , M)) ^ 
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Tor? p {R p /qR p ,Rom R {R p ,M))^Tor? p {R p /{qR p ,x/l),Eom R {R p ,M)) ->•••. 

Since 

Hom Rp (i? q , Torf-CiZp/qi^, Hom R (R p , M))) = Hom flp (^, Hom R (i? p , Torf (i?/q, M))) 

^ Hom R (i2 q ,Torf(i2/q,M)) 
=* Torf^(A;(q),Hom i ,(i? q ,M))^0, 

we have Torf^p/qi^, Hom i? ( J R p , M)) ^ 0. Thus p G Cos/? (Torf (i?/q, M)). Notice 
that Tor^ (R/c\, M) is an Artinian i?-module, then 

Cos* (0 : Torf(i?/q , M ) x) = Cos R (Torf(i?/q,M)) n V((x)). 

Since x G p, we get p G Cos* (0 :xor fl (i?/q,M) x )- Hence 

( : Torf p (i?p/qi? p ,Homfl(i?p,M)) ^A) ~ ( : Hom fl (iJ p ,Torf (R/q,M)) X l l ) 

— Hom jR (i? p , : Tor fl (i?/qi M) #) ¥" °- 

Thus, Tor5 1 ( J Rp/(q J Rp,x/l),Hom i? ( J R p ,M)) ^ 0. Notice that ht(p/q) = 1, so 
Rp/((\R p ,x/l) is a finite length i? p -module. Let 

= C C d C • • • C C n = Rp/(qR p , x/1) 

be a composition series of R p /{qR p ,x/l) as an _R p -module. Then Cj/Cj-i = k(p) 
for j = 1,2, ... ,n. By this we can draw a conclusion that 

Torf H ! 1 (A;(p),Hom /? ( J Rp,M))^0. 

Otherwise, by induction on the length of R p /(qR p ,x/l), we deduce that 

Torf^iytqi^x/l^Hom^i^M)) = 0. 

This induces a contradiction. □ 

Corollary 5.7. Let R be a U ring, p, q G Spec R such that q C p, n£(p/q) = s 7 and 
M an Artinian R-module. Then 7i~j(q, M) 7^ ==>- 7Tj+ s (p, M) ^ 0. 

Proof. Using induction on ht(p/q). Then by Theorem 5.6, the Corollary follows. 

□ 

Corollary 5.8. Let R be a U ring, p G Spec R, and M an Artinian R-module. If 
there some n G N such that 7Tj(p, M) = for any i > n, then fd R Hom R (R p , M) < n. 

Proof. If fd* p Hom R (R p , M) > n, then by Lemma 5.1 there exists q C p, q G 
Spec R, such that 7r n+1 (q, M) > 0. Then we get 7Tht(p/q)+n+i(p, M) > by Theorem 
5.6. This contradicts to the assumption. Thus id Rp Hom R (R p ,M) < n. □ 

To obtain the main result of this section, we first prove the following Proposition. 

Proposition 5.9. Let R be a Noetherian ring, M a strongly representable linearly 
compact R-module, p G Cos R M. If Cograde R Hom R (R p ,M) < oo ; then 

Cograde R Hom R (R p , M) < Co-dim Rf Hom R (R p , M). 
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Proof. Let n = Cograde^ Hom^(i? p , M). We use induction on n. 

For the case n — 0, this Proposition is obviously true. 

Assume that n > 1, and this Proposition holds for n — 1. Let x/s G pi? p be a 
HoniR(.Rp,M) co-regular element. Then x/s & R p — (J q-R p , and 

qeAtt fl M, qCp 

Cograde^ (0 : H om s (fl p ,M) x/s) = Cograde Rp Hom R ( J R p , (0 : M x)) 

= Cograde^ HoinR(i? p , M) — 1 
= n — 1. 

Hence x & R— \J q, and by induction hypothesis we get 

q€Att fl M, qCp 

Cograde^ Hom R (i? p , (0 : M a;)) < Co-dim Rp Hom R (i? p , (0 : M x)). 

Since 

Co-dim Cos fl)J Hom i? ( J R p , (0 : M x)) = sup{ ht (p/q) | q G Cos R (0 : M x), q C p} 

= ht (p/Ann R (0 : M x)) 

< ht (p/(Ann R M,x)) 

= max{ht(p/(q,x))| q G Att R M, q C p} 

= max{ht(p/q) - 1| q G Attn M, q C p} 

= Co-dim^ Hom fl (i?p,M)-l, 

we have Cograde^ HoinR(i? p ,M) < Co-dim^ Hom^(i? p , M). □ 

The following Theorem is the main result of this section. We characterize the 
infimum and supremum of the index of non- vanishing Dual Bass numbers of Artinian 
modules over U rings, and study the relations among co-grade, co- dimension and flat 
dimension of co-localization of Artinian modules. 

Theorem 5.10. Let R be a U ring, M an Artinian R-module, p G Cos R M . Then: 
(1). If7Ti(p,M) > 0, then Cograde Rp Hom R (R p ,M) < i < fd Rp Hom R (R p ,M). 
If Cograde R Hom R (R p , M) = s, then 7r s (p,M) > 0. (R is a Noetherian ring, not 
necessarily a U ring, and fd R Hom R (R p ,M) is possibly infinite). 

(2). If fd R Hom R (R p , M) = t < oo, p, q G Spec R such that qCp, then 

7r t (q,M)>0^q = p. 
(3). If fd R Hom R (R p , M) = oo ; then for any n G N, there exists i > n such that 

ir t (p,M) >0. 

(4). Cograde Rp Hom R (R p ,M) < Co-dim Rp Hom R (R p ,M) < fd Rp Hom R (R p ,M). 

Proof. (1). By Proposition 5.2 we only need to show 

7Ti(p, M) > =► i < id Rp Rom R {R p , M). 

For the case id Rp Hohir(.R p ,M) = oo, there is nothing to prove. Suppose that 
id Rp Hom^(i? p ,M) = r < oo. If % > r such that 7Tj(p,M) > 0, then by Lemma 
5.1 we get 7Ti(p,M) = ^(p-Rp, Rom R (R p , M)). Thus id Rp Rom R (R p ,M) > i. This 
induces a contradiction. Hence % < id R Hom^(_R p , M). 
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(2). Since fd* Hom R (R p ,M) = t < oo, then by Lemma 5.1 there must exist 
q Q P, q £ Spec R such that 7r t (q, M) > 0. Suppose that qCp. Then by Corollary 
5.7 we have 7T t+ ht(p/q)(p, M) = 7i t+ht{p/q )(pR p ,B.om R (R p , M)) ^ 0. This contradict to 
fdfl H.om R (R p , M) = t. Hence q = p. It is similar to prove the other side. 

(3). This conclusion is followed by Corollary 5.8. 

(4). By Proposition 5.9 we only need to show 

Co-dim*,, Rom R (R p ,M) < id Rp Rom R (R p ,M). 

Let q be a minimal element of Cos R M with q C p, by Theorem 4.5 in [3], we get 
q G Att* (R/p <8) fl M) C Cos* (i?/q ®* M). Since 

vr (q, M) = dim fc(q) A;(q) ® Rq Hom*^, M) = dim^Hom^q, (R/q ®* M)) ^ 0, 

by Corollary 5.7, we get vr ht(p/q) (p, M) = n ht{p/q) (pR p ,IIom R (R p , M)) ^ 0. On the 
other hand, 

Co-dim^ Rom R (R p ,M) = max{ ht(p/q) | q G Cos^M, q C p}. 

Hence Co-dim Rp Rom R (R p ,M) < id Rp Rom R (R p , M). U 

Corollary 5.11. Let R be a U ring, M an Artin R-module. Then: 
(1). Co-dim R M <fd R M. 
(2). Iffd R M = r < oo, and ir r (p, M) ^ for some p G Spec R, then p G Max R. 

Proof. (1). Since Co-dim* M = sup{ Co-dim* m Hom*(i? m , M) \ m G Max R}, by 
Proposition 5.4 (2) and Theorem 5.10 (4) we have Co-dim* M < fd*M. 

(2). If ir r (p,M) y^ 0, and p is not a maximal ideal. It follows that there exists a 
maximal ideal m such that pCm, then by Corollary 5.7 vr r+ ht(m/p)(p, M) ^ 0. This 
contradict to fd*M = r. Hence, p must be a maximal ideal. □ 
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